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Dynamic analysis of two collinear electro-magnetically dielectric cracks in a piezoelectromagnetic mate-
rial is made under in-plane magneto-electro-mechanical impacts. Generalized semi-permeable crack-
face boundary conditions are proposed to simulate realistic opening cracks with dielectric. Ideal bound-
ary conditions of a combination of electrically permeable or impermeable and magnetically permeable or
impermeable assumptions are several limiting cases of the semi-permeable dielectric crack. Utilizing the
Laplace and Fourier transforms, the mixed initial-boundary-value problem is reduced to solving singular
integral equations with Cauchy kernel. Dynamic intensity factors of stress, electric displacement, mag-
netic induction and crack opening displacement (COD) near the inner and outer crack tips are determined
in the Laplace transform domain. Numerical results for a special magnetoelectroelastic solid are calcu-
lated to show the inﬂuences of the dielectric permittivity and magnetic permeability inside the cracks
on the crack-face electric displacement and magnetic induction. By means of a numerical inversion of
the Laplace transform, the variations of the normalized intensity factors of stress and COD are discussed
against applied magnetoelectric impact loadings and the geometry of the cracks for fully impermeable,
vacuum, fully permeable cracks and shown in graphics.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Multiferroic magnetoelectric materials involving both ferroelec-
tric and ferromagneticphasesexhibit the couplingmagneto-electro-
mechanical effects (Zhenget al., 2004), andhaveattracted increasing
interest due to their promising applications as smart devices (Nan
et al., 2008). Due to brittleness of magnetoelectroelastic solids, a
considerable number of researchers have focused their attention
on fracture analysis under different applied loadings. There are lots
of papers published which treat static crack problems of magneto-
electroelastic materials such as Wang et al. (2008), Zhao et al.
(2007), Zhong and Li (2007), Hu and Li (2005a), Tian and Rajapakse
(2005), Gao et al. (2004), Sih et al. (2003) and Liu et al. (2001). More-
over, considering that multifunctional devices work always under
dynamic conditions, an investigation of dynamic behavior of mag-
netoelectroelastic materials weakened by a crack is requisite to
understand the reliability of piezoelectromagnetic structures. Along
this line, Feng and Pan (2008) investigated the anti-plane dynamic
problemof an internal interfacial crackbetween twodissimilarmag-
netoelectroelastic plates. For the problems of anti-plane moving
crack with constant velocity in a rectangular magnetoelectroelastic
body, inﬁnite magnetoelectroelastic material, and the interface ofll rights reserved.two dissimilar magnetoelectroelastic materials, Hu and his
co-workers (2005b, 2006, 2007) studied the singular magneto-elec-
tro-elastic ﬁeld near the crack tip and the branch of crack, respec-
tively. Su et al. (2007) dealt with the interface multi-cracks
problem between dissimilar magnetoelectroelastic strips under
out-of-plane mechanical and in-plane magneto-electrical impacts.
The dynamic response of a magnetoelectroelastic strip with a crack
normal to the edges was investigated by Yong and Zhou (2007). By
using general crack-face magnetoelectric boundary conditions, the
problem of Yoffe type moving interface crack between two dissimi-
lar magnetoelectroelastic materials was solved by Zhong and Li
(2006). Li (2005) treated thedynamicproblemfor amagnetoelectro-
elastic material with a crack under anti-plane mechanical and in-
plane electric and magnetic impacts. The diffraction of anti-plane
waves by a single piezoelectric cylindrical inhomogeneity partially
bonded to an unbounded piezomagnetic matrix was considered by
Du et al. (2004). Zhou et al. (2005) addressed the dynamic analysis
of two collinear cracks between two dissimilar magneto-electro-
elastic materials subjected to anti-plane shear waves. For the prob-
lem of inplane magneto-electro-mechanical impact response, Feng
et al. (2007) analyzed the dynamic magnetoelectroelastic behavior
of a piezoelectromagnetic layer with a penny-shaped crack. Zhong
et al. (2009) studied the transient response ofmagnetoelectroelastic
ﬁeld of a cracked magnetoelectric material subjected to in-plane
sudden impacts.
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Fig. 1. Two collinear electro-magnetically dielectric cracks embedded in a mag-
netoelectroelastic solid subjected to in-plane magneto-electro-mechanical impacts.
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ideal crack-face boundary conditions. That is, electro-magneti-
cally permeable, electro-magnetically impermeable, electrically
impermeable and magnetically permeable, electrically perme-
able and magnetically impermeable are always assumed. How-
ever, a realistic crack is full of dielectric inside the crack,
which is permeable to electric and magnetic ﬁelds. On the other
hand, when a crack opens, the crack interior in turn affects the
crack opening displacement. Therefore, a more suitable assump-
tion is so-called semi-permeable assumption, which was ﬁrstly
by Hao and Shen (1994) in analyzing the electroelastic ﬁeld
of piezoelectric materials weakened by an opening crack, and
has been veriﬁed by experimental observations (Schneider
et al., 2003) and by theoretical approach with the ﬁnite element
analysis (McMeeking, 1999). In fact, four ideal crack-face
boundary conditions are the limiting ones of the semi-perme-
able assumption (Wang and Mai, 2007). Recently, the semi-per-
meable condition has been extended by Zhong and Li (2007) to
solve static opening crack problems of magnetoelectroelastic
solids as follows:
Dc ¼ ec D/
Duz
; Bc ¼ lc Du
Duz
; ð1Þ
where ec ¼ ere0ðe0 ¼ 8:85 1012 F=mÞ and lc ¼ lrl0ðl0 ¼ 1:26
106 Ns2=C2Þ are the dielectric permittivity and magnetic perme-
ability of crack interior, respectively; D/; Du and Duz are the jumps
of electric potential, magnetic potential and crack opening dis-
placement across the crack, respectively. Note that electric
displacement and magnetic induction are nonlinearly dependent
on the crack opening displacement. Although the semi-permeable
conditions have been applied to treat static crack problems, dy-
namic analysis of magnetoelectroelastic materials with cracks
according to the above-stated crack-face boundary condition is
still lacked.
The purpose of the present paper is to investigate the dynamic
response of a magnetoelectroelastic solid with two collinear
opening cracks by using the semi-permeable magnetoelectric
boundary conditions (1). Under the action of inplane magneto-
electro-mechanical impact loadings, the mixed initial-boundary-
value problem is reduced to solving singular integral equations
with Cauchy kernel by applying the Laplace and Fourier trans-
forms. Furthermore, the dynamic intensity factors of stress, elec-
tric displacement, magnetic induction and the crack opening
displacement are obtained in the Laplace transform domain.
Making use of an inversion of the Laplace transform, numerical
results are calculated to show the inﬂuences of the dielectric per-
mittivity and magnetic permeability inside the cracks, applied
magnetoelectric impact loadings and the geometry of the cracks
on the physical quantities of concern and shown graphically.
2. Problem and basic equations
Consider a transversely isotropic magnetoelectroelastic solid
with two collinear electro-magnetically dielectric cracks as shown
in Fig. 1, where Cartesian coordinate system xoz is used with the
poling axis as the z-axis. It is assumed that the cracks are situated
at the segment of a < jxj < c at the x-axis, and half length of the
cracks is a0 ¼ ðc  aÞ=2. For convenience, let us further write
c0 ¼ ðaþ cÞ=2. Applied magnetic, electric and mechanical impact
loadings: B0HðtÞ; D0HðtÞ and r0HðtÞ are imposed on the crack sur-
faces, where B0;D0 and r0 are constants, and HðtÞ denotes the
Heaviside step function. A dielectric with the electric permittivity
ec and magnetic permeability lc is full of the opening crack interi-
ors. Under the assumption of plane deformation, the constitutive
equations based on the linearly magnetoelectroelastic theory can
be stated as follows:rxx
rzz
Dz
Bz
2
6664
3
7775 ¼
c11 c13 e31 h31
c13 c33 e33 h33
e31 e33 e33 d33
h31 h33 d33 l33
2
6664
3
7775
xx
zz
Ez
Hz
2
6664
3
7775; ð2Þ
rxz
Dx
Bx
2
64
3
75 ¼ 2c44 e15 h152e15 e11 d11
2h15 d11 l11
2
64
3
75 xzEx
Hx
2
64
3
75; ð3Þ
where rij; ij; Ei; Di; Hi and Bi are the components of stress, strain,
electric ﬁeld, electric displacement, magnetic ﬁeld and magnetic
induction, respectively; ekl; hkl and dkl are the piezoelectric, piezo-
magnetic and magnetoelectric coupling constants, respectively;
ckl; ekl and lkl are the elastic stiffness, the dielectric permittivities
and the magnetic permeabilities, respectively. Furthermore, the
components of strain, electric and magnetic ﬁeld can be determined
by the non-vanishing elastic displacements uxðx; z; tÞ and uzðx; z; tÞ,
electric potential /ðx; z; tÞ and magnetic potential uðx; z; tÞ, respec-
tively, i.e.
ij ¼ 12 ðui;j þ uj;iÞ; Ei ¼ /;i; Hi ¼ u;i; ð4Þ
where a comma denotes partial differentiation with respect to the
sufﬁxed space variable. From the equations of motion, and the equi-
librium equations of electric displacements and magnetic induc-
tions, the elastic displacements, electric and magnetic potentials
satisfy the basic governing equations
c11ux;xx þ c44ux;zz þ ðc13 þ c44Þuz;xz þ ðe31 þ e15Þ/;xz þ ðh31 þ h15Þu;xz
¼ qux;tt ; ð5Þ
c44uz;xx þ c33uz;zz þ ðc13 þ c44Þux;xz þ e15/;xx þ e33/;zz þ h15u;xx
þ h33u;zz ¼ quz;tt; ð6Þ
e15uz;xx þ e33uz;zz þ ðe31 þ e15Þux;xz  e11/;xx  e33/;zz  d11u;xx
 d33u;zz ¼ 0; ð7Þ
h15uz;xx þ h33uz;zz þ ðh31 þ h15Þux;xz  d11/;xx  d33/;zz  l11u;xx
 l33u;zz ¼ 0; ð8Þ
where q is the mass density. The body forces, free charges, and cur-
rent densities have been neglected in the present study.
As shown in Fig. 1, due to the symmetry of the problem in
geometry and material for two collinear cracks of equal length
embedded in a magnetoelectroelastic solid with the poling direc-
tion perpendicular to the crack plane, it is reasonable to conclude
that the electroelastic ﬁeld as well as the electro-magnetic ﬁeld in-
side the two cracks is symmetric when applied loading is symmet-
ric. For this reason, it is sufﬁcient to investigate the dynamic
magnetoelectroelastic ﬁeld in the region of x > 0 and z > 0. Fur-
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boundary conditions in the present study can be written as:
rzzðx; 0; tÞ ¼ r0HðtÞ; a < x < c; t > 0; ð9Þ
Dzðx;0; tÞ ¼ ðD0  Dc0ÞHðtÞ; a < x < c; t > 0; ð10Þ
Bzðx; 0; tÞ ¼ ðB0  Bc0ÞHðtÞ; a < x < c; t > 0; ð11Þ
where
Dc0HðtÞ ¼ ere0
D/ðx;0; tÞ
Duzðx;0; tÞ ; B
c
0HðtÞ ¼ lrl0
Duðx;0; tÞ
Duzðx;0; tÞ : ð12Þ
Similar to the discussions given by Zhong and Li (2007), it is found
that the crack reduces to a so-called vacuum or air crack when
er ¼ 1 and lr ¼ 1. When er ¼ lr ¼ 0, the crack is an electro-mag-
netically impermeable one, and when er !1 and lr !1, the
crack is called as electro-magnetically permeable one. Also, when
er !1 and lr ¼ 0, the crack is corresponding to an electrically per-
meable and magnetically impermeable one, and when er ¼ 0, and
lr !1, the crack leads to an electrically impermeable and magnet-
ically permeable one. Moreover, it is easily shown that Dc0 and B
c
0
are independent of the time t, so the time factor HðtÞ has been ex-
tracted in the above.
In addition, applying the continuity of the elastic displacement,
electric potential and magnetic potential along the crack-free parts
of x-axis and free stress, the boundary conditions read
uzðx; 0; tÞ ¼ 0; 0 < x < a; c < x < þ1; t > 0; ð13Þ
/ðx; 0; tÞ ¼ 0; 0 < x < a; c < x < þ1; t > 0; ð14Þ
uðx;0; tÞ ¼ 0; 0 < x < a; c < x < þ1; t > 0; ð15Þ
rxzðx; 0; tÞ ¼ 0; 0 < x < þ1; t > 0: ð16Þ3. Singular integral equations
In order to solve the above stated problem, it is natural to as-
sume that the cracked magnetoelectroelastic material is initially
at rest and subjected to the following initial conditions:
uxðx; z; 0Þ ¼ 0; ouxðx; z; tÞot

t¼0
¼ 0; ð17Þ
uzðx; z; 0Þ ¼ 0; ouzðx; z; tÞot

t¼0
¼ 0: ð18Þ
Then application of the Laplace transform
f ðpÞ ¼
Z 1
0
f ðtÞ expðptÞdt; ð19Þ
together with (17) and (18) to (5)–(8) leads to
c11ux;xx þ c44ux;zz þ ðc13 þ c44Þuz;xz þ ðe31 þ e15Þ/;xz þ ðh31 þ h15Þ
u;xz ¼ qp2ux; ð20Þ
c44uz;xx þ c33uz;zz þ ðc13 þ c44Þux;xz þ e15/;xx þ e33/;zz þ h15u;xx
þ h33u;zz ¼ qp2uz ; ð21Þ
e15uz;xx þ e33uz;zz þ ðe31 þ e15Þux;xz  e11/;xx  e33/;zz  d11u;xx
 d33u;zz ¼ 0; ð22Þ
h15uz;xx þ h33uz;zz þ ðh31 þ h15Þux;xz  d11/;xx  d33/;zz  l11u;xx
 l33u;zz ¼ 0: ð23ÞMoreover, the Fourier transform technique is further utilized to
express the solutions of elastic displacements, electric potential
and magnetic potential in Eqs. (20)–(23) as follows:
uxðx;z;pÞ
uzðx;z;pÞ
/ðx;z;pÞ
uðx;z;pÞ
2
6664
3
7775¼X
4
j¼1
Z 1
0
Ajðn;pÞexp½ajðn;pÞz
sinðnxÞ
g3jajðn;pÞcosðnxÞ
g4jajðn;pÞcosðnxÞ
g5jajðn;pÞcosðnxÞ
2
6664
3
7775dn;
ð24Þ
where ajðn;pÞ; g3j; g4j and g5j are given in Appendix A, and
Ajðn;pÞ ðj ¼ 1;2; . . . ;8Þ are the unknown functions to be solved. To
this end, if applying the Laplace transform (19) to Eqs. (2) and (3),
the components of stress, electric displacement, magnetic induction
can be obtained in the Laplace transform domain from (24). For
example, we have
rxzðx; z;pÞ
rzzðx; z;pÞ
Dzðx; z;pÞ
Bzðx; z;pÞ
2
6664
3
7775 ¼ X
4
j¼1
Z 1
0
Ajðn;pÞ exp½ajðn;pÞz
b0j sinðnxÞ
b1j cosðnxÞ
b2j cosðnxÞ
b3j cosðnxÞ
2
6664
3
7775dn;
ð25Þ
where bjj ðj ¼ 0;1;2;3Þ are shown in Appendix A.
In what follows, let us focus our attention on seeking the solu-
tions of Ajðn; pÞ. Using the Laplace transform (19), the boundary
conditions (9)–(11) and (13)–(16) can be rewritten as:
rzzðx; 0;pÞ ¼ 
r0
p
; Dzðx;0;pÞ ¼ 
D0  Dc0
p
;
Bzðx;0; pÞ ¼ 
B0  Bc0
p
; a < x < c; ð26Þ
uzðx;0; pÞ ¼ 0; /ðx;0;pÞ ¼ 0;
uðx; 0;pÞ ¼ 0; 0 < x < a; c < x < þ1; ð27Þ
rxzðx;0;pÞ ¼ 0; 0 < x < þ1: ð28Þ
From (28), it is found thatX4
j¼0
b0jAjðn; pÞ ¼ 0: ð29Þ
On the other hand, deﬁning generalized dislocation density func-
tions as
g1ðx; pÞ
g2ðx; pÞ
g3ðx; pÞ
2
64
3
75 ¼ o
ox
uzðx; 0;pÞ
/ðx; 0;pÞ
uðx;0;pÞ
2
64
3
75; ð30Þ
and making use of the Fourier inverse transform, from (27) we have
X4
j¼1
g3j
g4j
g5j
2
64
3
75ajðn; pÞAjðn;pÞ ¼  2pn
Z c
a
g1ðs; pÞ
g2ðs; pÞ
g3ðs; pÞ
2
64
3
75 sinðsnÞds: ð31Þ
According to (29) and (31), the expressions of Ajðn; pÞ can be ob-
tained as:
A1ðn;pÞ
A2ðn;pÞ
A3ðn;pÞ
A4ðn;pÞ
2
6664
3
7775 ¼ ½bji44  2pn
Z c
a
g1ðs;pÞ
g2ðs;pÞ
g3ðs;pÞ
0
2
6664
3
7775 sinðsnÞds; ð32Þ
with
½bji44 ¼
g31a1 g32a2 g33a3 g34a4
g41a1 g42a2 g43a3 g44a4
g51a1 g52a2 g53a3 g54a4
b01 b02 b03 b04
2
6664
3
7775
1
; ð33Þ
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Substituting (32) into (25), from (26) one can obtain
2
p
Z c
a
Z 1
0
1
n
X3
i¼1
X4
j¼1
bjigiðs;pÞ
b1j
b2j
b3j
2
64
3
75 sinðsnÞ cosðxnÞdnds
¼ 1
p
r0
D0  Dc0
B0  Bc0
2
64
3
75; a < x < c: ð34Þ
For convenience, introduce the following limit:
lim
n!1
P4
j¼1bjibkj
n
¼ rki; k; i ¼ 1;2;3; ð35Þ
where rki are constants dependent on the material properties. With
the known result
2
p
Z 1
0
cosðxnÞ sinðsnÞdn ¼ 1
p
1
sþ xþ
1
s x
 
; ð36Þ
three singular integral equations can be derived from (34) and take
the form
1
p
Z c
a
1
s x
X3
i¼1
r1igiðs; pÞ
r2igiðs; pÞ
r3igiðs; pÞ
2
64
3
75dsþ 1p
Z c
a
X3
i¼1
K1iðs; x;pÞgiðs; pÞ
K2iðs; x;pÞgiðs; pÞ
K3iðs; x;pÞgiðs; pÞ
2
64
3
75ds
¼ 1
p
r0
D0  Dc0
B0  Bc0
2
64
3
75; ð37Þ
where a < x < c and
Kkiðs; x;pÞ ¼ 2
Z 1
0
P4
j¼1bjibkj
n
 rki
" #
sinðsnÞ cosðxnÞdnþ rki
sþ x ;
k; i ¼ 1;2;3: ð38Þ
It seems that Eq. (37) cannot be solved analytically because of
the complexity of the kernels Kkiðs; x; pÞ. In what follows, the Lob-
atto–Chebyshev collocation method (Theocaris and Ioakimidis,
1977) is used to solve the above singular integral equations
with Cauchy kernel numerically. In order to carry out numerical
computation, on making use of the following variable trans-
formations:
x ¼ aþ c
2
þ c  a
2
x; s ¼ aþ c
2
þ c  a
2
s;
giðs; pÞ ¼
fiðs;pÞ
p
; i ¼ 1;2;3; ð39Þ
the singular integral equation (37) can be further rewritten as
1
p
Z 1
1
1
s x
X3
i¼1
r1ifiðs;pÞ
r2ifiðs;pÞ
r3ifiðs;pÞ
2
64
3
75dsþ 1p
Z 1
1
X3
i¼1
K1iðs; x;pÞfiðs; pÞ
K2iðs; x;pÞfiðs; pÞ
K3iðs; x;pÞfiðs; pÞ
2
64
3
75ds
¼ 
r0
D0  Dc0
B0  Bc0
2
64
3
75; jxj < 1; ð40Þ
where
Kkiðs; x;pÞ ¼ a0Kkiða0s; a0x;pÞ; k; i ¼ 1;2;3: ð41Þ
Owing to the inverse-square root singularity of the physical quanti-
ties at the crack tips, it is convenient to take
fiðs; pÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p yiðs; pÞ; i ¼ 1;2;3; ð42Þwhere yiðs;pÞ are bounded continuous functions in the interval
jsj 6 1. Consequently, by means of the Lobatto–Chebyshev colloca-
tion method, we have
1
p
Z 1
1
1
s x
yiðs;pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds  1
n
Xn
l¼0
kl
yiðsl; pÞ
sl  xm ; i ¼ 1;2;3; ð43Þ
where
xm ¼ cos½ð2m 1Þp=ð2nÞ; m ¼ 1;2; . . . ;n;
sl ¼ cosðlp=nÞ; l ¼ 0;1;2; . . . ;n;
k0 ¼ kn ¼ 1=2; k1 ¼    ¼ kn1 ¼ 1:
ð44Þ
Furthermore, Eq. (40) can be expressed as the following discretized
versions:
1
n
Xn
l¼0
kl
sl  xm
X3
i¼1
r1iyiðsl;pÞ
r2iyiðsl;pÞ
r3iyiðsl;pÞ
2
64
3
75þ 1
n
Xn
l¼0
kl
X3
i¼1
k1iðsl; xm;pÞyiðsl;pÞ
k2iðsl; xm;pÞyiðsl;pÞ
k3iðsl; xm;pÞyiðsl;pÞ
2
64
3
75
¼ 
r0
D0  Dc0
B0  Bc0
2
64
3
75; ð45Þ
where m ¼ 1;2; . . . ;n.
Moreover, the single-value conditions uzða;0; tÞ ¼ /ða;0; tÞ ¼
uða;0; tÞ ¼ 0 and uzðc; 0; tÞ ¼ /ðc; 0; tÞ ¼ uðc;0; tÞ ¼ 0 giveZ c
a
giðx;pÞdx ¼ 0; i ¼ 1;2;3; ð46Þ
which can be discretized as
Xn
l¼0
klyiðsl;pÞ ¼ 0; i ¼ 1;2;3: ð47Þ
Clearly, Eqs. (45) and (47) form a system of linear algebraic
equations. However, it is found that the numbers of the un-
knowns and equations in the linear system are
3nþ 5 and 3nþ 3, respectively. In order to uniquely determine
the unknowns, two other independent equations are needed,
which can be given by two semi-permeable electric and magnetic
boundary conditions at the crack faces. Note that when the crack-
face magnetoelectric boundary conditions are four ideal cases:
electro-magnetically permeable, electro-magnetically imperme-
able, electrically impermeable and magnetically permeable, elec-
trically permeable and magnetically impermeable, the linear
system can be solved directly. For a general semi-permeable
assumption, the electric displacement Dc0 and magnetic induction
Bc0 are still unknowns dependent on the unknowns to be deter-
mined, so the relevant equations are nonlinear, which are given
in the next section.
4. Magnetoelectric ﬁeld inside the cracks
To obtain the solutions of electric displacement Dc0 and mag-
netic induction Bc0 inside the dielectric crack, the Laplace transform
(19) is applied to (12), and we have
Dc0Du

zðx;0;pÞ ¼ ere0D/ðx; 0;pÞ; ð48Þ
Bc0Du

zðx;0; pÞ ¼ lrl0Duðx;0; pÞ: ð49Þ
In view of (30), Eqs. (48) and (49) can be further rewritten as
Dc0
Z c
x
g1ðs;pÞds ¼ ere0
Z c
x
g2ðs; pÞds; a < x < c; ð50Þ
Bc0
Z c
x
g1ðs; pÞds ¼ lrl0
Z c
x
g3ðs;pÞds; a < x < c: ð51Þ
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Fig. 2. The variations of Dc0 on kd with kb ¼ 0 and r0 ¼ 10 MPa for
er ¼ lr ¼ 0;0:01; 0:05;0:1;1;1, respectively.
Table 1
The relevant material properties.
c11 c13 c33 c44 e31 e33 e15 h31
226 124 216 44 2.2 9.3 5.8 290.2
h33 h15 e11 e33 l11 l33 d11 d33
350 275 56.4 63.5 297 83.5 5.367 2737.5
Units: elastic stiffness constant, GPa; piezoelectric constants, C/m2; piezomagnetic
constants, N/Am; dielectric permittivities, ð1010Þ C2=Nm2; magnetic permeabil-
ities, ð106Þ Ns2=C2; electromagnetic constants, ð1012Þ Ns=VC.
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Dc0
Z 1
x
y1ðs;pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds ¼ ere0
Z 1
x
y2ðs; pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds; 1 < x < 1; ð52Þ
Bc0
Z 1
x
y1ðs;pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds ¼ lrl0
Z 1
x
y3ðs;pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds; 1 < x < 1: ð53Þ
Similar to the observations given by Hao and Shen (1994) and Li
and Lee (2004) for the electric displacement of crack interior, it is
found from Zhong and Li (2007) that the electric displacement
and magnetic induction inside the opening crack are constants
and dependent on applied magneto-electro-elastic loads, material
properties, dielectric permittivity and magnetic permeability of
crack interior. The geometry of cracks does not affect their values,
details of which are given in Appendix B. In other words, based on
the Lobatto–Chebyshev quadrature technique, Eqs. (52) and (53)
can be discretized when x ¼ 0 as
Dc0
Xn=2
l¼0
kly1ðsl; pÞ þ ere0
Xn=2
l¼0
kly2ðsl;pÞ ¼ 0; ð54Þ
Bc0
Xn=2
l¼0
kly1ðsl;pÞ þ lrl0
Xn=2
l¼0
kly3ðsl;pÞ ¼ 0; ð55Þ
where n is chosen as an even number.
Obviously, Eqs. (45) and (47) together with (54) and (55) form a
nonlinear system of 3nþ 5 polynomial equations which can be
solved efﬁciently by a homotopy continuation method (Li et al.,
1987). Moreover, here let us rewrite the linear system made of
(45) and (47) as
Rð3nþ3Þð3nþ3Þ  Y ¼ S; ð56Þ
or
Y ¼ R1ð3nþ3Þð3nþ3Þ  S; ð57Þ
where Rð3nþ3Þð3nþ3Þ is the coefﬁcient matrix and nonsingular. Y and
S denote the vectors given as follows, respectively:
Y ¼ y1ðs0;0;pÞ; . . . ; y1ðsn; 0;pÞ; y2ðs0; 0;pÞ;    ;½
y2ðsn;0;pÞ; y3ðs0;0; pÞ; . . . ; y3ðsn; 0;pÞT ; ð58Þ
S¼ r0; . . . ;r0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
n
;D0Dc0;    ;D0Dc0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
n
;B0Bc0; . . . ;B0Bc0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
n
;0;0;0
2
4
3
5T ;
ð59Þ
where superscript ‘‘T” stands for transposition. Substituting (57)
into (54) and (55), one can obtain
XD  R1ð3nþ3Þð3nþ3Þ  S ¼ 0; ð60Þ
XB  R1ð3nþ3Þð3nþ3Þ  S ¼ 0; ð61Þ
where
XD ¼ k0Dc0; . . . ; kn=2Dc0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
;0; . . . ;0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2
; k0ere0; . . . ; kn=2ere0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
; 0; . . . ;0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2þnþ1
2
64
3
75;
ð62Þ
XB ¼ k0Bc0; . . . ; kn=2Bc0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
;0; . . . ;0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2þnþ1
; k0lrl0; . . . ; kn=2lrl0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
;0; . . . ; 0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2
2
64
3
75:
ð63Þ
From (60) and (61), two coupled quadric equations with re-
spect to Dc0 and B
c
0 are determined, which have at most four-
pairs roots. Among these candidate solutions, only one pair ofDc0 and B
c
0 are reasonable and the others are superﬂuous. An ac-
cepted pair of Dc0 and B
c
0 can be chosen by considering that the
magnetoelectric ﬁeld inside the crack should be located at the
range between that for an electro-magnetically impermeable
crack and that for an electro-magnetically permeable one, or
Duzðx;0; tÞP 0 should be satisﬁed (Zhong and Li, 2007). For a
special magnetoelectric material whose relevant properties are
given in Table 1 (Tian and Rajapakse, 2005), Figs. 2 and 3 are de-
picted to show the variations of Dc0 and B
c
0 on applied electric
loading kd ¼ D0c33=r0e33 and magnetic loading kb ¼ B0c33=r0h33,
respectively. For simplicity, hereafter it is assumed that
r0 ¼ 10 MPa and er ¼ lr . As shown in Fig. 2, when er ¼ lr ¼ 0,
meaning that the crack is electro-magnetically impermeable, it
is seen that the electric displacement Dc0 is equal to zero. When
er ¼ lr ¼ 1, corresponding to an electro-magnetically permeable
crack, Dc0 has a linear relation with kd. For a general case with an
electromagnetical dielectric inside the crack, one can see that
the curves of Dc0 increase with rising kd, and are situated be-
tween that for a fully permeable crack and that for a fully imper-
meable crack. The similar phenomena can be observed in Fig. 3
for the variations of magnetic induction Bc0 versus kd. The above
results reveal that four ideal crack-face electromagnetic bound-
ary conditions are indeed the limiting cases of the proposed gen-
eral one.
Once Dc0 and B
c
0 are determined and inserted into the linear
system of (45) and (47), the other unknowns can be calculated.
Furthermore, the magnetoelectroelastic ﬁeld near the crack tips
can be obtained.
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Fig. 3. The variations of Bc0 on kb with kd ¼ 0 and r0 ¼ 10 MPa for
er ¼ lr ¼ 0; 0:01;0:05; 0:1;1;1, respectively.
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Of much importance are the dynamic intensity factors from the
viewpoint of fracture mechanics which are usually utilized to char-
acterize the crack tip ﬁeld. Here we deﬁne the dynamic intensity
factors of stress, electric displacement and magnetic induction
near the inner and outer crack tips in the Laplace transform do-
main as follows:
Kqinn ¼ limx!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða xÞ
p
qðx; 0;pÞ;
Kqout ¼ limx!cþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx cÞ
p
qðx; 0;pÞ; ð64Þ
where qðx;0;pÞ stands for one among rzzðx;0; pÞ; Dzðx;0;pÞ
and Bzðx;0;pÞ. From (25), after some computation, we arrive at
Krinn
KDinn
KBinn
2
64
3
75 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃpa0p
p
r11 r12 r13
r21 r22 r23
r31 r32 r33
2
64
3
75 y1ð1;pÞy2ð1;pÞ
y3ð1;pÞ
2
64
3
75; ð65Þ
near the inner crack tip, and
Krout
KDout
KBout
2
64
3
75 ¼  ﬃﬃﬃﬃﬃﬃﬃﬃpa0p
p
r11 r12 r13
r21 r22 r23
r31 r32 r33
2
64
3
75 y1ð1; pÞy2ð1; pÞ
y3ð1; pÞ
2
64
3
75; ð66Þ
near the outer crack tip, where the factor 1=p is kept by virtue of
(39).
On the other hand, the crack opening displacement is also an
important fracture parameter to predict the crack growth in mag-
netoelectroelastic materials (Feng et al., 2007; Li and Lee, 2004).
From the obtained results, one can express the crack opening dis-
placements in the Laplace transform domain near the inner and
outer crack tips as
Duinnz ðx;0;pÞ ¼
2a0
p
Z x
1
y1ðs; pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds; ð67Þ
Duoutz ðx;0;pÞ ¼ 
2a0
p
Z 1
x
y1ðs;pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds: ð68Þ
Furthermore, if deﬁning the COD intensity factors near both crack
tips asKCODinn ¼ limx!aþ
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2ðx aÞ
r
Duinnz ðx; 0;pÞ; ð69Þ
KCODout ¼ limx!c
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2ðc  xÞ
r
Duoutz ðx; 0;pÞ; ð70Þ
we have
KCODinn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
p
y1ð1; pÞ; KCODout ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
p
y1ð1; pÞ: ð71Þ
In the end, the dynamic intensity factors of stress, electric dis-
placement, magnetic induction and the COD can be determined
in time domain by applying an inversion of the Laplace transform.
6. Numerical results and discussions
In order to illustrate the inﬂuences of the dielectric permeabil-
ity of crack interior, applied loadings and the geometry of the crack
on the dynamic intensity factors, numerical computations are car-
ried out for a special magnetoelectroelastic material (Tian and
Rajapakse, 2005). The values of rki appearing in (35) are evaluated
as follows:
r11 r12 r13
r21 r22 r23
r31 r32 r33
2
64
3
75¼ 7:3255610
10 5:52745 157:9328
5:52745 6:3327109 9:0099109
157:9328 9:0099109 1:5807104
2
64
3
75:
ð72Þ
Moreover, to perform the Laplace inversion, the method proposed
by Stehfest (1970) is used. That is, a numerical inversion 1ð1; tÞ
of the Laplace transform Xð1;pÞ can be determined through
1ð1; tÞ ’ lnð2Þ
t
X2N
n¼1
VnX 1;n lnð2Þt
 
; ð73Þ
with
Vn ¼ ð1ÞnþN
Xminðn;NÞ
m¼½ðnþ1Þ=2
mNð2mÞ!
ðN mÞ!m!ðm 1Þ!ðnmÞ!ð2m nÞ! ;
ð74Þ
where ½ðnþ 1Þ=2 is the integer part of the real number ðnþ 1Þ=2.
For simplicity, three typical crack models: impermeable (abbrevi-
ated for: electro-magnetically impermeable), vacuum and perme-
able (abbreviated for: electro-magnetically permeable) are only
considered, and applied mechanical impact r0 is chosen as
10 MPa. In what follows, we investigate the variations of the dy-
namic intensity factors of stress and COD, that is, Xð1;pÞ stands
for the numerical results of Kr or KCOD at both tips by solving
the resulting equations with the aid of the Lobatto–Chebyshev col-
location method, and 1ð1; tÞ stands for the corresponding intensity
factor Kr or KCOD at both tips in the time domain.
For combined electromagnetic impacts kd ¼ 5 and kb ¼ 10, Figs.
4 and 5 are drawn to show the variations of the normalized inten-
sity factors of stress and COD on the normalized time cst=a0 with a
special geometry of crack c0=a0 ¼ 1:2 for three typical crack mod-
els, where cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44=q
p
. It is found from Fig. 4 that the curves of
Kr=r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
exhibit the transient characteristic as usual (see, e.g.
Li, 2005), regardless of the crack being impermeable, vacuum or
permeable. Furthermore, the curves of Kr=r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
for a vacuum
crack lie between that for an impermeable one and that for a per-
meable one, implying that the electro-magnetically impermeable
and permeable crack models are the limiting cases of a dielectric
crack. It is in accordance with the observations shown in Wang
et al. (2008) and Zhong and Li (2007) for the exact analysis of static
dielectric penny-shaped crack and Grifﬁth one in a magnetoelec-
troelastic material. When t !1, one can see from Fig. 4 that the
curves of Kr=r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
near both the inner and outer crack tips tend
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COD=r0
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p
on cst=a0 with electromagnetic impacts
kd ¼ 5 and kb ¼ 10 for c0=a0 ¼ 1:2 and three typical crack models, respectively.
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stress intensity factors are independent of the dielectric permittiv-
ity and magnetic permeability inside the crack, which is in agree-
ment with the results given by Zhong and Li (2007) and Wang
and Mai (2007) for a static state. Moreover, for a two collinear
cracks, the peak value of Kr=r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
near the inner crack tip is lar-
ger than that near the outer crack tip. In addition, the similar
observations can be also found in Fig. 5 where the variations of
the normalized COD intensity factors versus the normalized time
are depicted for three typical crack models. Furthermore, compar-
isons between Figs. 4 and 5 show that the dynamic stress intensity
factors will be less than zero for t ! 0 when the crack is electro-
magnetically impermeable and vacuum. While the dynamic COD
intensity factors are always greater than zero irrespective of the
crack being impermeable, vacuum or permeable, implying that
the COD intensity factor is more suitable to be a fracture criterion
than the stress intensity factor for the dynamic crack growth of
magnetoelectroelastic material (Feng et al., 2007; Peng and Li,
2009). As expected, the dynamic COD intensity factor near the in-ner crack tip is larger than that near the outer crack tip, meaning
that the inner crack tip is easier to grow than the outer crack tip.
In what follows, let us focus on the effects of applied electromag-
netic impacts on the dynamic intensity factors of stress and COD for
a vacuum crack. In Fig. 6, the variations of Kr=r0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p
on cst=a0 are
presented with kb ¼ 0 and c0=a0 ¼ 1:2 for kd ¼ 50;0;50, respec-
tively. It is found from Fig. 6 that applied positive electric loading
enhances the peak value of the dynamic intensity factor, and ap-
plied negative one decreases the peak value of the dynamic inten-
sity factor. It is similar to the observations given in Li (2005) for
the case of electro-magnetically impermeable crack, and different
from the results shown by Yong and Zhou (2007) where electro-
magnetically permeable crack model is used. Moreover, when
t ! þ1, the curves of Kr=r0 ﬃﬃﬃﬃﬃﬃﬃﬃpa0p near both crack tips tend to iden-
tical values, respectively, implying that the stress intensity factor is
independent of applied electric loadings for a static state, which is
in accordancewith the known results (Zhong and Li, 2007). Further-
more, the effects of applied electric loadings on the normalized dy-
namic COD intensity factor are shown in Fig. 7. One can see that
X.-C. Zhong et al. / International Journal of Solids and Structures 46 (2009) 2950–2958 2957positive electric ﬁeld increases the dynamic COD intensity factor,
and negative one decreases the dynamic COD intensity factor. The
obtained results reveal that positive electric ﬁeld enhances the
crack growth, and negative one retards the crack growth for the dy-
namic dielectric crack of magnetoelectroelastic materials. This is in
agreement with the experimental results given by Park and Sun
(1995) for the effects of electric ﬁeld on the crack growth in piezo-
electricmaterials. In addition, the similar observations can be found
for the inﬂuences of applied magnetic loadings on dynamic inten-
sity factors of stress and COD, and the corresponding ﬁgures are ne-
glected here.
In the end, the inﬂuences of the crack geometry on the dynamic
stress and COD intensity factors are investigated and shown in Figs.
8 and 9, respectively. Under the combined electromagnetic impacts
kd ¼ 5 and kb ¼ 10, it is seen from Figs. 8 and 9 that the values of
the dynamic stress and COD intensity factors near the inner and0 2 4 6 8
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kd ¼ 5; kb ¼ 10 and c0=a0 ¼ 1:2;1:5;1:8, respectively.outer crack tips rise with decreasing c0=a0, that is, the smaller
the distance between two dielectric cracks, the greater the dy-
namic intensity factors of stress and COD. The observed results
show that the distance of two dielectric cracks is smaller, the crack
is easier to propagate, which is similar to the usual observations for
two collinear cracks embedded in a magnetoelectroelastic material
(Zhou et al., 2007).7. Conclusions
The problem of two collinear electro-magnetically dielectric
cracks embedded in a magnetoelectroelastic material is considered
under sudden magneto-electro-mechanical impacts. General
crack-face electromagnetic boundary conditions are used to simu-
late realistic opening cracks. Applying the Fourier and Laplace
transforms, the mixed-initial-value boundary problem is reduced
to singular integral equations with Cauchy kernel. The dynamic
intensity factors of stress, electric displacement, magnetic induc-
tion and the COD are obtained in time domain by an inversion of
the Laplace transform. Numerical results are calculated for a spe-
cial magnetoelectroelastic material to show the effects of dielectric
inside the cracks, applied electromagnetic impacts and the crack
geometry on the fracture parameters. Some observations are
drawn out as follows:
	 Four ideal crack-face electromagnetic boundary conditions are
the limiting cases of the electro-magnetically dielectric crack
model.
	 The COD intensity factor is suitable as a fracture criterion for a
dynamic electro-magnetically dielectric crack in a magnetoelec-
troelastic solid.
	 Positive electromagnetic impact loadings enhance the dynamic
electro-magnetically dielectric crack propagation, and negative
electromagnetic ones retard the dynamic electro-magnetically
dielectric crack growth.
	 For two collinear dielectric cracks under the dynamic loadings,
the inner crack tip is easier to propagate than the outer crack
tip, and the smaller the distance between two cracks, the easier
crack growth.
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ajðn; pÞ appearing in (24) are the roots of the following charac-
teristic equation
c11n
2þqp2 c44a2 ðc13þc44Þan ðe31þe15Þan ðh31þh15Þan
ðc13þ c44Þan c33a2 c44n2qp2 e33a2e15n2 a2h33h15n2
ðe31þe15Þan e33a2e15n2 e11n2e33a2 d11n2d33a2
ðh31þh15Þan h33a2h15n2 d11n2d33a2 l11n2l33a2


¼0;
ðA1Þ
and Re½ajðn; pÞ > 0 should be hold to ensure the convergence of the
physical quantities for z!1. Moreover, g3j; g4j and g5j can be
determined by
2958 X.-C. Zhong et al. / International Journal of Solids and Structures 46 (2009) 2950–2958a2j ðn;pÞ ¼
c11n
2 þ qp2
c44 þ ðc13 þ c44Þg3jnþ ðe31 þ e15Þg4jnþ ðh31 þ h15Þg5jn
¼ ðc13 þ c44Þnþ ðc44n
2 þ qp2Þg3j þ e15n2g4j þ h15n2g5j
c33g3j þ e33g4j þ h33g5j
¼ ðe31 þ e15Þnþ ðe15g3j  e11g4j  d11g5jÞn
2
e33g3j  e33g4j  d33g5j
¼ ðh31 þ h15Þnþ ðh15g3j  d11g4j  l11g5jÞn
2
h33g3j  d33g4j  l33g5j
:
ðA2Þ
The functions bij ði ¼ 0;1;2;3Þ appearing in (25) are determined
as
b0j ¼ ½c44ð1þ g3jnÞ þ e15g4jnþ h15g5jnaj; ðA3Þ
b1j ¼ ðc33g3j þ e33g4j þ h33g5jÞa2j  c13n; ðA4Þ
b2j ¼ ðe33g3j  e33g4j  d33g5jÞa2j  e31n; ðA5Þ
b3j ¼ ðh33g3j  d33g4j  l33g5jÞa2j  h31n: ðA6ÞAppendix B
Noting that the electric displacement Dc0 and magnetic induc-
tion Bc0 inside the cracks are independent of time, they can be
solved under the action of static loadings r0; D0 and B0. Thus for
the static problem of two collinear dielectric cracks in a magneto-
electroelastic solid, the functions aj, bjj ðj ¼ 0;1;2;3Þ,
gij ði ¼ 3;4;5Þ become constants dependent on the material prop-
erties only. Similar to Zhong and Li (2007), application of the
boundary conditions (9)–(16) yields the following coupling
equations:
X4
j¼1
b0jAjðnÞ ¼ 0; ðB1Þ
X4
j¼1 D
c
0g3j þ ecg4j
h i
ajAjðnÞ ¼ 0;
X4
j¼1
Bc0g3j þ lcg5j
h i
ajAjðnÞ ¼ 0;
ðB2Þ
X4
j¼1 ðD0D
c
0Þb1jb2jr0
 
AjðnÞ¼ 0;
X4
j¼1
ðB0Bc0Þb1jb3jr0
 
AjðnÞ¼0:
ðB3Þ
Clearly, Dc0 and B
c
0 can be determined by solving the above system
of algebraic equations and are found to depend on applied mag-
neto-electro-elastic loadings, the material properties as well as
the electric permittivity and magnetic permeability of crack inte-
rior. The geometry of two collinear cracks does not change
Dc0 and B
c
0, which is in agreement with the observations given by
Zhou et al. (2007) for two collinear cracks in a magnetoelectroelas-
tic material and Hao (2001) for multiple collinear cracks in a piezo-
electric solid.References
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